Abstract The Joint United Nations Programme on HIV/ AIDS (UNAIDS) recently updated its global targets for antiretroviral therapy (ART) coverage for HIV-positive persons under which 90 % of HIV-positive people are tested, 90 % of those are on ART, and 90 % of those achieve viral suppression. Treatment policy is moving toward treating all HIVinfected persons regardless of CD4 cell count-otherwise known as treatment as prevention-in order to realize the full therapeutic and preventive benefits of ART. Mathematical models have played an important role in guiding the development of these policies by projecting long-term health impacts and cost-effectiveness. To guide future policy, new mathematical models must consider the barriers patients face in receiving and taking ART. Here, we describe the HIV care cascade and ART delivery supply chain to examine how mathematical modeling can provide insight into cost-effective strategies for scaling-up ART coverage in sub-Saharan Africa and help achieve universal ART coverage.
To optimize the therapeutic and preventive benefits of ART, HIV prevention guidelines now focus on treatment as prevention strategies that increase ART coverage irrespective of CD4 cell count [3, 4] . Studies have found correlations between increasing community-level ART uptake and decreasing HIV incidence, with a 1.4 % (95 % CI 0.9-1.9 %) decline in the risk of HIV acquisition for every 1 % increase in ART coverage in South Africa [5] and similar results in Canada [6] and the USA [7] . Mathematical modeling studies have provided evidence in support of treatment as prevention by suggesting that high ART coverage can bring the HIV burden to low endemic levels or eventually eliminate HIV [8••, 9, 10] . Importantly, by providing projections and insights into the dynamics of ART scale-up and the economic costs and benefits, mathematical models have contributed to guiding clinical trial protocols and policies for HIV prevention strategies such as ART, circumcision, PrEP, and condom scale-up [11, 12] .
Despite the potential impact of treatment as prevention, few studies have explored the implementation of providing universal access to ART for all HIV-infected persons [13] . In studies that have followed people who have tested positive for HIV, retention rates at several stages of the HIV care cascade have been low [14] . A systematic review of HIV care in sub-Saharan Africa estimated that only 18 % of HIV-positive patients were retained from diagnosis to ART eligibility [15] . Home-based HIV testing and counseling (HTC) [16, 17] and community campaign-based HTC [18, 19•] have increased rates of testing and linkage to care (83.3 % testing for home HTC, 95 % CI 80.4-86.1 %) relative to facility-based HTC, and present platforms for delivering an array of health services [20] , but these strategies have yet to be implemented at the population level. With treatment as prevention becoming a broadly accepted framework for HIV prevention [4] , models can simulate varying levels of program efficiency and coverage [21] , thus providing insight into the impact of strategies that strengthen health programs on the HIV burden [22] .
Mathematical models have played a large role in transforming HIV research into health policies, but given the clear benefits of early treatment for infected people and the impact on the epidemic, what is needed now is a shift toward implementation science [23, 24] . Whereas modeling has thus far been used to assess the health impact and cost-effectiveness of interventions, it also has the potential to evaluate systemlevel delivery strategies. From the clinical perspective, these strategies must increase the proportion of HIV patients who are identified, treated, and virally suppressed. From the programmatic perspective, these strategies must improve the efficiency of HIV supply chains in order to cost-effectively develop and deliver medication as well as initiate and retain patients in care [25] [26] [27] . Ultimately, the goals of the clinical and programmatic aspects are to save lives and improve health. Here, we present an overview of recent mathematical models for HIV prevention and describe how incorporating implementation science into mathematical modeling provides a more nuanced understanding of how to achieve universal access to ART and maximize the benefits of treatment as prevention.
Current State of Mathematical Modeling for HIV Prevention
Modeling ART Scale-Up Several mathematical models have been developed to explore the impact and cost-effectiveness of ART scale-up. Granich et al. [8••] used a deterministic, compartmental model to demonstrate that with annual HIV testing and immediate linkage to care, HIV incidence and prevalence could be reduced to less than 0.1 and 1 %, respectively, in 50 years. In a subsequent analysis [28] , the authors assessed the costeffectiveness of the same annual ART scale-up strategy but with varying ART-eligibility criteria. They found that under all scenarios, the intervention became cost-saving within 10 years. Walensky et al. [29] used a stochastic microsimulation model to evaluate ART scale-up as implemented in the HPTN 052 study, with similar ART initiation and dropout rates. They found that in South Africa and India, two countries with different HIV epidemics, early ART initiation as achieved in the HPTN 052 study would be very cost-effective at $590 and $530 per lifeyear saved, respectively. In South Africa, where the cost of medical care is higher than in India, the intervention was cost saving over 5 years due to the costs of medical care that are averted by early ART initiation. Finally, Cori et al. [30] used a deterministic, compartmental model to simulate the HPTN 071 trial (PopART), which is currently being implemented in Zambia and South Africa. The study assessed the feasibility of large-scale combination HIV prevention including home HTC, male circumcision, and ART provision regardless of CD4 cell count. The authors estimate that HIV incidence can be reduced by 60 % with universal ART regardless of CD4 cell count and by 20 % with ART coverage for persons with CD4≤350 cells/μL. The model does not include a costeffectiveness analysis, but the PopART trial, as well as other trials of TasP [31] , will collect data on the economic and financial costs for patients and healthcare programs, which will be incorporated into future modeling work.
Although the models discussed differed in their structures and assumptions, a comparison of 12 independentlydeveloped mathematical models conducted by Eaton et al. [32] suggests that the effectiveness and cost-effectiveness of ART scale-up is robust across different models. Following the World Health Organization's (WHO) new recommendation of ART initiation at CD4≤500 cells/μL rather than CD4≤350 cells/μL, Eaton et al. [32] compared the estimated impact of the new guidelines among the different models and found that in all cases, scaling up ART according to the new WHO guidelines was expected to be cost-effective. Furthermore, providing ART to all those already known to be HIVpositive-thus, treatment as prevention-is very costeffective over 20 years. The authors call for mathematical modeling to play a larger role in implementation science to provide insight into ART scale-up strategies and their costs.
Modeling Combination HIV Prevention
In addition to ART scale-up, other prevention interventions such as medical male circumcision [33] and pre-exposure prophylaxis (PrEP) [34, 35] may play important roles in reducing the HIV burden. Cremin et al. [9] evaluated the cost and effectiveness of varying levels of ART and PrEP coverage in KwaZulu-Natal, South Africa. If HIV-positive persons can be identified an average of 1 year following infection and ART coverage increases to 80 %, the model predicts that approximately 35 % of cumulative HIV infections will be averted over 10 years, with the impact being attenuated by the large proportion of infections coming from newly infected partners. In this scenario, PrEP provides an additional benefit by preventing infections from acutely-infected partners, though at an incremental cost-effectiveness ratio of $40,000 per infection averted, even with targeted PrEP delivery. Alsallaq et al. [36] modeled similar interventions in KwaZulu-Natal, South Africa, using four-yearly mass testing campaigns, to assess whether ART scale-up, medical male circumcision, and reduction in risky sexual behavior showed synergistic interactions. They estimated that synergy is at a maximum when interventions are sub-optimal due to the possibility of behavioral disinhibition, poor compliance, and dropout from ART care. Interventions that can further reduce transmission and are cost-effective, such as medical male circumcision and PrEP, will likely be incorporated in any HIV prevention program. Considering that HIV prevention received $19.1 billion USD of global funding in 2013 [37] , even if all 34 million HIV-positive person received ART at an approximate cost of $500 per patient [38] , there would remain $2 billion for these services.
Critical questions remain regarding how best to increase ART coverage. The models discussed above have made different assumptions about the frequency of testing, the proportion of people that are linked to care, and compliance and dropout rates, and each stage requires careful consideration. One aspect to consider is the cascade of care, which describes how patients link to care, start ART, receive support to increase compliance and reduce loss-to-follow-up, and finally, achieve sustainable viral suppression. Another aspect is operational research using dynamical models, which helps to determine the optimal allocation of resources given an appropriate objective function and to identify the logistical barriers and bottlenecks that are most important in relation to health outcomes. Current models do not adequately address these important issues (Table 1) , but by clearly analyzing these stages, mathematical modeling can provide insight into the implementation science aspect of HIV prevention.
HIV Care Cascade
Pre-ART Care Cascade
The steps for achieving viral suppression in an HIV-positive person, known as the care cascade (Fig. 1) , can broadly be divided into pre-ART-HIV testing and linkage to and retention in pre-ART care-and post-ART-ART initiation, retention in care, and viral suppression.
Pre-ART stages of the cascade have historically been inefficient, but testing rates have increased in recent years. In Kenya, the proportion of adults ever tested for HIV increased from 34 % in 2007 to 71 % in 2012 [39] while in South Africa, it increased from 51 % in 2008 to 66 % in 2012 [40, 41] . New strategies for further increasing testing are also being studied. Chamie et al. [18] describe a community-wide health campaign in rural Uganda that provided HIV testing in addition to screening for malaria, TB, hypertension, and diabetes. Of the 63 % of residents who attended the campaign, 98 % received an HIV test and 38 % of them had never been previously tested. In Western Kenya, Lugada et al. [42] also used a week-long multi-disease prevention campaign to promote HIV testing and achieved 99.7 % testing uptake among the 96 % of participants who received the counseling package. Implementing these programs may help countries increase HIV testing as well as improve overall health outcomes.
Under past and current guidelines for ART initiation using a criterion based on CD4 cell count, not all infected people start ART when they test positive for HIV, and as a result, retention in pre-ART care has been low. A review of 28 studies suggested that only 18 % of HIV-positive persons across subSaharan Africa are in continuous care until linked to ART [15] . However, several studies have developed and implemented methods for improving HIV testing and linkage to care [43] . Van Rooyen et al. [16] used community-wide home HTC in Uganda and South Africa to achieve high levels of HIV testing (91 % tested) and linkage to ART (80 % among ART-eligible persons by month three). Involving sexual partners during HTC has also resulted in increased condom use in HIV-discordant couples in South Africa [44] and in higher uptake of HIV prevention services in Zimbabwe [45] . These studies suggest that substantial engagement with people as soon as they are found to be infected with HIV, such as ART initiation and involving sexual partners, would greatly reduce the initial loss of patients. Few mathematical models have incorporated these testing strategies into their model scenarios, but three modeling studies that included periodic testing campaigns found that most of the benefits are realized before even the second testing campaign. Alsallaq et al. [36] used HIV testing campaigns every 4 years to link HIV-positive persons to ART and found that with 100 % ART uptake for persons with CD4≤350 cells/μL, as well as increases in circumcision and reductions in risky sexual behavior, HIV incidence could be reduced by 50 % within 4 years. Similarly, Barnabas et al. [46] suggest that five-yearly campaigns of home HTC in which 48 % of HIVpositive persons are virally suppressed can reduce HIV incidence by 33 % in 10 years. Dodd et al. [47] modeled HIV testing in different epidemiological contexts and found that testing and treating 80 % of the population every 2 years reduces HIV incidence by 95 % in regions with generalized HIV epidemics, but only by 60 % in concentrated HIV epidemics. Although these models estimate the impact of periodic testing campaigns, they do not include key steps in the pre-ART cascade. To model the cascade, Birger et al. [48• ] developed a model for Newark, New Jersey, and estimated that if 68 % of HIV-positive people were virally suppressed, HIV incidence would decrease by only 16 % in 10 years, which they attribute to HIV testing not occurring randomly among all HIV-positive people, and instead, consistently missing certain individuals who do not test or seek HIV care. This study suggests that without a focus on all steps of the care cascade, even a high rate of testing may have a relatively modest impact.
Post-ART Care Cascade
Once people have been tested, found positive, and linked to pre-ART care, they must then initiate ART, be retained in care, and achieve viral suppression. In a study in South Africa, Katz et al. [49] found that 20 % of ART-eligible persons refused to initiate ART despite multiple counseling session and free medication, suggesting the need for improved counseling messages about the benefits of ART. Other studies indicate consistent late presentation to HIV care with the average CD4 count at ART initiation being 159 cells/μL (interquartile range [IQR] 65-299) in a South African cohort [50] . After initiating ART, many patients are lost to follow-up with a recent estimate of only 64.6 % (range 57.5-72.1 %) of patients remaining in care after 3 years across sub-Saharan Africa [51] . To study the outcomes of patients lost to follow-up in Mbarara, Uganda, Geng et al. [52] followed a cohort in which 39 % of ART patients were lost to follow-up in 3 years. They found that among the patients whose outcomes were collected, 36 % had died within 1 year and 83 % of the remaining patients had visited a different health facility within the previous 3 months. In Malawi, Yu et al. [53] found that 69 % of traced patients had died and 36 % of the remaining patients were still engaged in care.
Despite the heterogeneity in outcomes, for patients truly lost from care, reengagement is critical. To re-engage patients lost to follow-up, Rosen et al. [54] developed a strategy in which a social worker followed the 27 % of patients lost to follow-up who had discontinued ART and successfully re-engaged 30 % of them at a cost of $432 per patient returned. Rich et al. [55] describe a Rwandan ART program in which 92 % of patients were retained in care after 2 years and only 3 % were lost to follow-up. Their program addressed specific steps of the care cascade, including transportation allowance and community health worker (CHW) visits to increase retention, and directly observed ART delivery by CHWs, suggesting that by increasing engagement in care, the costs of patient tracing may be avoided. The importance of high retention in the care cascade also extends beyond ART initiation. In an analysis of data from Vancouver, Canada, increasing ART coverage was associated with a reduction in ART-resistant HIV [56] . Although it has been suggested that ART resistance may increase if treatment is more widely provided, Montaner et al. [57] show that with high levels of compliance and triple-drug therapy, early treatment can reduce levels of resistance. Although increasing retention in care may require up-front costs, it will be a critical aspect of a treatment as prevention program in order to reduce morbidity, mortality, and ART resistance.
Several models have been developed to analyze the issues of the post-ART care cascade. Based on the data from the "Back 2 Care program" in Malawi, Estill et al. [58] developed a mathematical model to estimate the impact of tracing persons who are lost to follow-up. They estimate that these patients contribute 2.1 HIV infections (95 % CI 1.8-2.2) per 100 patients over 5 years due to a doubling of cohort viral load. The authors emphasize that ensuring viral suppression by virological monitoring prevents more infections than tracing because of the immediate feedback that virological monitoring provides. In another modeling study of the care cascade, Klein et al. [59] found that increasing ART re-initiation and retention in care are the most cost-effective approaches for reducing DALYs and, as was also found by Eaton et al. [32] , that starting all patients currently in care on ART is a cost-effective strategy for ART scale-up. To assess the consequences of "leakage' in the cascade, Hoffman et al. [60] used a mathematical model to evaluate the excess mortality due to delays between ART eligibility and ART initiation and estimated that for patients with CD4≤150 cells/μL, a 6-month delay in ART initiation resulted in a 12 % increased risk of death.
These models analyze specific steps of the care cascade, but to estimate health system-level impacts, all steps must be included. Furthermore, detailed clinic-level data on the care cascade are necessary in order to understand leakages at specific steps and what strategies work best to improve the cascade. Hallett et al. [61] have suggested that the typical depiction of the care cascade is supplemented by a "side door" into ART programs, in which a patient initiates ART without engaging in pre-ART care, implying a nonlinear process that researchers must consider when assessing clinic data and evaluating interventions. Further exploration of the "side door" and other care cascade dynamics will be needed to understand their implications for universal ART coverage.
Logistics of Healthcare Delivery
In 2011, the UNAIDS established a target to treat 15 million HIV-positive persons by 2015 [62] . As the target deadline approaches, many high-prevalence countries remain short of the target [62] . The leaky care cascade is a major demand-side determinant of this shortage, but supply-side factors exist as well, in particular, ensuring a continuous flow of medication through the supply chain, which is the process of physically transporting a product from manufacturer to consumer, involving various tiers of government and stages of delivery (Fig. 2) .
Along the supply chain, poor storage facilities, lack of accurate forecasting data, and inefficient delivery have led to drug stock-outs and wasted drugs in many areas with the greatest need [63, 64, 65•] . To achieve the recent UNAIDS targets of diagnosing 90 % of HIV-positive persons, treating 90 % of diagnosed persons, and achieving viral suppression in 90 % of those on ART by the year 2020 [66] , the logistical hurdles will need to be overcome. Innovative models of public-private partnerships have been developed to improve supply chain management [67] , but more rigorous evaluations will be needed to produce results on the large scale. Furthermore, models of supply chain management need to be directly tied to health outcomes to ensure that the priority is improving health rather than reducing costs. Mathematical models can play an important role in bridging this gap and providing insight into optimal logistics structures [68, 69] .
Current Adaptation of Delivery Costs
One way to merge supply chains with health outcomes is to aggregate the costs of ARV medication and delivery. Current estimates by the Clinton Health Access Initiative [38] and the Gates Foundation [70] include these costs as static cost accounting identities, and the USAID | DELIVER PROJECT [71] estimated the additional cost added due to final delivery of supplies to end users. However, incorporating the cost dynamically so that it varies with the HIV epidemic allows models to create cost functions that more accurately capture the contribution of logistics to the total cost of ART delivery [72••] . Previous studies have found economies of scale in HIV prevention programs [73] [74] [75] , suggesting declines in per-client cost as programs are scaled up. In a country such as South Africa, where personnel costs represent nearly 50 % of ART delivery costs and only 32 % of HIV-positive people are on ART [41] , economies of scale may result in substantial declines in overall costs. At this most basic level, cost functions relating program scale and ART cost can be implemented without restructuring HIV transmission models and can provide more accurate estimates of the overall cost of medication delivery.
Mathematical Models for Supply Chains
Models have been developed to assess how entire supply chains affect cost, but they fail to incorporate health outcomes. In Benin, Brown et al. [76] used a discrete-event, agent-based model to assess how the structure of Benin's vaccine supply chain would impact the introduction of a new vaccine. They Fig. 2 The HIV supply chain encompasses different levels of government (e.g., national, regional) and different processes (e.g., supply pickup and delivery) compared scenarios in which the numbers of tiers and departments within each tier were reduced and in which transportation relied on point-to-point delivery by motorcycles or on loops by delivery trucks. They found a synergistic effect when third tier "Communes" were replaced by existing "Health Zones" and motorcycle deliveries were replaced by truck loops. These changes reduced the logistics cost from $0.26 to $0.19 per vial delivered, saving $500,000 by 2017, and suggest that HIV programs may also benefit from similar optimization. The model was used in Niger by Assi et al. [77] , who assessed the impact of reducing the number of tiers in the vaccine supply chain on operational efficiency. They found that by removing the regional-level stores and allowing district stores to collect from central stores rather than receive deliveries from the central store, vaccine availability increased from 70 to over 95 %, with the cost per dose administered falling from $0.14 to $0.13. Other models such as OneHealth [78] and Supply Chain Guru [79] have also been used in previous studies [71, 80] , but have also only linked supply chains with costs without incorporating the impact on health. Previous models of other diseases have explicitly linked supply chains with health [81] , and doing so for HIV would take advantage of the many rigorous models that exist for HIV transmission. Similar to the HIV care cascade, accurately modeling supply chains will require better cliniclevel data that encompasses ART supply, ART delivery, and health outcomes [82, 83] .
Other aspects of the HIV supply chain also warrant indepth studies based on mathematical models. The delivery of laboratory tests is similar to medication delivery in that samples must be temperature controlled, deliveries must be timely, and a limited number of sites have the capacity to conduct and store laboratory tests [84, 85] . Spatial analyses, which have previously been used to study risk distribution for polio in Nigeria [86] and HIV in Kenya [87] , may also contribute to optimizing laboratory test delivery [88] . Medication development will also need to expand capacity to treat the 34 million HIV patients, requiring large-scale changes to manufacturing processes [89] . Once manufacturing expands, strategies to pool purchases will be needed to reduce the cost of product purchasing [90] . Finally, the lack of accurate demand forecasting requires more accurate predictive modeling to guide the production of medications and reduce the volatility of funding cycles [91] .
Conclusions
Universal access to ART for treatment as prevention is an ambitious goal that will require substantial logistical planning across all sectors of the HIV field. Mathematical models, in particular, can help to critically assess potential strategies to overcome barriers to universal ART access. Although many mathematical models have been developed in recent years, they have been similar in the scope of their questions. Changing the focus of modeling from the impact of ART scale-up to program implementation will utilize modeling's strengths to guide future health policy. One pressing issue is the leaky HIV care cascade, which results in HIV transmission and loss of life that could be prevented by ART provision. Models studying the care cascade will help policymakers decide where to focus their efforts to identify, treat, and retain HIV patients. Another pressing issue is the inefficiency of the existing HIV supply chain, which results in delays, medication stock-outs, and overpriced medication. Modeling studies can evaluate how to optimize supply chain characteristics, such as the location of delivery centers, frequency of deliveries and pickups, and number of distribution tiers. Finally, it is also critical to connect these models to health outcomes in order to achieve the ultimate goal of preventing HIV infections and improving quality-of-life for HIV-positive persons. Mathematical models have increasingly been used to guide health policy around the world, but to reach the recent UNAIDS targets, new questions relevant to ART scale-up must be addressed. Expanding ART to millions of people has been proven feasible, but reaching all HIVinfected persons will require innovative service delivery. Mathematical models can drive this innovation by exploring key challenges and opportunities in developing efficient systems that maximize the potential of treatment as prevention. 
